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I. MQS Governing Equations 

V • |n Hj = => n H = V x A (a = vector potential) 

VxH = — Vx(vxA) = J 
Ho v ; 

V x (v x A) = V (v • A) - V 2 A = |i 3 

II. Uniqueness 

IfA->A + VX,VxA is unchanged because V x (vx) = 

For V« A to also remained unchanged requires V 2 x= 
When, for EQS systems 

2 - P n f p ( F ') dv ' 

£ v ; J,4n8 r-r' 

For V 2 X = everywhere, it is analogous to p = everywhere for which 
<t> (r) = 0. 

Thus to uniquely specify a vector to within a constant, both its curl and 
divergence must be specified. Here, we have thus far specified V x A = n H. 

We are free to specify V«A to any convenient value. We choose V«A = 
which is called setting the gauge. Then 

V 2 A = -n J 
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III. Vector Poisson's equation 

V 2 A = -n 3 => V 2 A X = -n J x 
V 2 A y = -Ho J y 
V 2 A Z = -n J z 



J 


ry y< 
T j>r r 




— > 



(Important fact: For each current element J^r'jdV, the contribution to A is 
in the same direction as 3.) 

In analogy to the EQS Poisson's equation 




or in compact vector form 
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IV. Boundary Conditions 
1. Tangential H 

V x H = J => <J>H.ds = jj-da 



(a) 


Ha, 


n 






Surface current K out. 
/ of page (amp/meter) 




(b) 





H bt ^ - H at ^ = Kd\ 



H bt - H at - K 



nx[H a -H b ] = K 



2. Single Current Sheet 



« K = K i, 

/ 



-> H, b = Kc/2 



3. Two Oppositely Directed Current Sheets 



s — 



K = -K i z 



xxxxxxxxxxxxxx 

-4 H 



K = K i z 
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4. Normal H 



V • luH = => 1: 


b M . 

S 


• da = 


(a) 


i 


\ H a 




Area A 













Ho (H an -H bn )A 



H an - H bn 



n-[ H = -H b ] = 



V. Biot - Savart Superposition Integral 



H = — Vx A 
Ho 



ivx[ 



J(r')d" 



4 " *, |r - r ' 



= ^fvx 

4n J 

v 



i(r')dV 



r - r 



Let % 



r - r 



Vxjzjjr ')) =XVxJp(r ')) + VXx J (r ') 



In a spherical coordinate system: V 



'1> 


_ T- 5 






" ' r dr 





Therefore: V 



f \ 
1 

r-r 



r - r 



'r-r = 



r-r 



r-r 
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Figure 8.2.1 Spherical 
coordinate system with 
r' located at origin. 

Courtesy of Hermann A. Haus and 



Figure 8,2.2 Source coordi- 
nate r' and observer coordi- 
nate r showing unit vector i r f r 
directed from t f to r. 

mes R. Melcher. Used with permission. 



V x 



if) 



r - r 

VI IV 



r - r 



:(?) 



i- - 2 
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VI. On Axis Magnetic Field from Current Loop 
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VII. On Axis Magnetic Field of Circular Cylindrical Solenoid 



- I r sin a 




-li COS a 




Figure 8.2.3 A solenoid consists of N turns uniformly wound over a length d, 
each turn carrying a current i. The field is calculated along the z axis, so the 
observer coordinate is at r on the z axis. 

Courtesy of Hermann A. Haus and James R. Melcher. Used with permission. 



A. Superposition Approach Using Previous Result of Single Current Loop 



Consider the solenoid as a collection of current loops, each of length 
dz ' . For the loop at z ' of thickness dz ' , the current in the loop is 
Ni 

di = -^-dz' . The magnetic field from this loop is 



dH = 



di a 2 



(z-zf + a 2 



3/ z 



I = 



Ni a 2 dz' 



2d 



(z-zf+a 2 



3/ z 



The total magnetic field is 
Ni a 2 dz' 



+d/2 

H Z = J 



Ni a 2 + f 



dz' 



z = 

2 



A 2d 



(z-zf+a 



2d 



, d 

z = 

2 



2 2 

+ a 



-,3/ 
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Nia 2 

~2d~ 



<\ 2 



a 2 +(z-z') 



, d 

z = — 
2 



2d 



+ z 



d 

z — 
2 



- z • d 



.. u Ni 

hm H, = — j 

d »z 2/ 

2 



J* 



hm H = — 

I- d 



- Ni 

B. Solenoid modeled as Surface Current K = — i 

d ' 



1_ r Kx i r , r d S 
4 ^J i- -..2 



H = -f 



s 1 r-r 



I r , r = - I r sma - I z cosa 



sma = 



a 2 + (z'-z) 2 > 2 + (z'-z) 



, cos a = 



,2 , ,\2 



r-r 



a 2 +(z'-z) 2 



, 2k +d/; 

H = — f f 



*=0 z , = _d 
2 



'a x 

Ni * 


- i r sin a - i z cos a 


ad<t>dz' 


d 


~a 2 +(z'-z) 2 ~ 





2n 

Note: | T r d<> = 

«t»=o 
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VIII. Demonstration 8.2.1 Fields of a Circular Cylindrical Solenoid 



magnetometer 




Figure 8.2.4 Experiment for 
documenting the axial H predicted 
in Example 8.2.1. Profile of 
normalized H s is for d/2a = 2.58. 



Courtesy of Hermann A. Haus and James R. Melcher. Used with permission. 
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